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Abstract
In this paper we define B-Fredholm elements in a Banach algebra
A modulo an ideal J of A. When a trace function is given on the ideal
J, it generate an index for B-Fredholm elements. In the case of a B-
Fredholm operator T acting on a Banach space, we prove that its usual
index ind(T ) is equal to the trace of the commutator [T, T0], where T0 is
a Drazin inverse of T modulo the ideal of finite rank operators, extend-
ing a Fedosov’s trace formula for Fredholm operators [8]. In the case
of a semi-simple Banach algebra, we prove a punctured neighborhood
theorem for the index.
1 Introduction
Let X be a Banach space and let L(X) be the Banach algebra of bounded
linear operators acting on X. In [3], we have introduced the class of linear
bounded B-Fredholm operators. If F0(X) is the ideal of finite rank operators
in L(X) and pi : L(X) −→ A is the canonical projection, from L(X) onto the
quotient algebra A = L(X)/F0(X), it is well known by the Atkinson’s theorem
[2, Theorem 0.2.2, p.4], that T ∈ L(X) is a Fredholm operator if and only if its
projection pi(T ) in the algebra A is invertible. Similarly, in the following result,
we have established an Atkinson-type theorem for B-Fredholm operators.
Theorem 1.1. [6, Theorem 3.4]: Let T ∈ L(X). Then T is a B-Fredholm
operator if and only if pi(T ) is Drazin invertible in the algebra L(X)/F0(X).
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Motivated by this result, we define in this paper B-Fredholm elements in a
semi-prime unital Banach algebra A modulo an ideal J of A. Recall that a
Banach algebra A is called semi-prime if for u ∈ A, uxu = 0, for all x ∈ A
implies that u = 0.
An element a 6= 0 in a semiprime Banach algebra A is called of rank one if
there exists a linear functional fa on A such that axa = fa(x)a for all x ∈ A.
Definition 1.2. Let A be unital semi-prime Banach algebra and let J be an
ideal of A, and pi : A → A/J the canonical projection. An element a ∈ A
is called a B-Fredholm element of A modulo the ideal J if its image pi(a) is
Drazin invertible in the quotient algebra A/J.
In a recent work [9], the authors, gave in [9, Definiton 2.3] a definition of
B-Fredholm elements in Banach algebras. However, their definition does not
englobe the class of B-Fredholm operators, since the algebra L(X)/F0(X) is
not a Banach algebra. That’s why in our definition, we consider general alge-
bras, not necessarily being Banach algebras, so it includes also the case of the
algebra L(X)/F0(X). While an extensive study of B-Fredholm elements in a
Banach algebras modulo an ideal J is being done in [7], we focus our attention
here on the properties of the index of such elements.
Recently in [10], the authors studied Fredholm elements in a semi-prime Ba-
nach algebra modulo an ideal. When a trace function is given on the ideal
considered, they define also the index of a Fredholm element using a trace
formula [10, Definition 3.3]. This definition coincides with the usual definition
of the index for a Fredholm operator acting on a Banach space.
In the second section of this paper, following the same approach as in [10],
when a trace function is defined on the ideal J considered, we will define an
index for B-Fredholm elements of the Banach algebra A modulo the ideal J.
Then in the case of B-Fredholm operator T acting on a Banach space X, we
prove our main result announced in the abstract, that is the usual index ind(T )
is equal to τ([T, T0]) where T0 is a Drazin inverse of T modulo the ideal of finite
rank operators.
In the third section, we give a punctured neighborhood theorem for the index
B-Fredholm elements in a semi-simple Banach algebra. We will also establish a
logarithmic rule of the index, for two commuting prime B-Fredholm elements.
2 Trace and Index
In this section, A will be a semi-prime, complex and unital Banach algebra. We
consider here B-Fredholm elements in A modulo an ideal J, on which a trace
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function is given. Then we extend the definition of the index [10, Definition
3.3] to the class of B-Fredholm elements of A modulo J. We will show also
that the new definition of the index coincides with the usual one in the case
of B-Fredholm operator acting on a Banach space given in [3, Definition 2.3].
Definition 2.1. [10, 2.1., p.283] Let J be an ideal in a Banach algebra A. A
function τ : J → C, is called a trace on J if :
1)τ(p) = 1 if p ∈ J is an idempotent, that is p2 = p, and p of rank one,
2) τ(a + b) = τ(a) + τ(b), for all a, b ∈ J,
3) τ(αa) = ατ(a), forall α ∈ C and a ∈ J,
4) τ(ab) = τ(ba), for all a ∈ J and b ∈ A.
Definition 2.2. Let τ be a trace on an ideal J of a Banach algebra A. The
index of a B-Fredholm element a ∈ A is defined by:
i(a) = τ(aa0 − a0a) = τ([a, a0]),
where a0 is a Drazin inverse of a modulo the ideal I.
Theorem 2.3. The index of a B-Fredholm element a ∈ A is well defined and
is independant of the Drazin inverse a0 of a modulo the ideal J.
Proof. Let a ∈ A be a B-Fredholm element in Amodulo J. Then pi(a) is Drazin
invertible in A/J. If pi(a0) is the Drazin inverse of pi(a), then pi(a)pi(a0) =
pi(a0)pi(a). Hence aa0 − a0a ∈ J. If pi(a0) = pi(a
′
0), then a
′
0 − a0 ∈ J and
aa′0 − a
′
0a − (aa0 − a0a) = a(a
′
0 − a0) − (a
′
0 − a0)a. Since (a
′
0 − a0) ∈ J, using
the property 4) of the trace, we obtain τ(a(a′0 − a0)) = τ((a
′
0 − a0)a). So the
index is independent of the choice of the representative a0.
Remark 2.4. Clearly the definition of the index of B-Fredholm elements,
extends [10, Definition 3.3], given for Fredholm elements in Banach algebras,
because the inverse modulo J of a Fredholm element a ∈ A is also its Drazin
inverse modulo J.
Now we prove in the next theorem, that the index defined here for B-Fredholm
elements in Banach algebras is equal to the usual index of B-Fredholm oper-
ators acting on a Banach space. Here the ideal I is the ideal of finite rank
operators acting on X, and the trace τ is the trace that is defined for finite
rank operators as in [10, Example 2.1]. If T ∈ I and {x1, ..., xn} is a basis of
its image R(T ), then T = Σni=1x
′
i
⊗
xi, where x
′
1, ..., x
′
n are continuous linear
functionals on X such that T (x) = Σni=1x
′
i(x)xi, for all x ∈ X. The trace of T
is then defined by:
τ(T ) = Σni=1x
′
i(xi).
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Theorem 2.5. Let X be a Banach space and let T ∈ B(X) be a B-Fredholm
operator. Then its usual index ind(T ) is equal to the trace τ([T, S]) where S
is a Drazin inverse of T modulo the ideal of finite rank operators.
Proof. Let T be a B-Fredholm operator, then from [3, Theorem 2.7] there exist
two closed subspaces M and N of X such that X = M ⊕N and:
i) T (N) ⊂ N and T|N is a nilpotent operator,
ii) T (M) ⊂M and T|M is a Fredholm operator.
Let p ∈ N, such that (T|N)
p = 0. Then T p = (T|M)
p ⊕ 0. From [3, Theorem
2.7], T p is a B-Fredholm operator and from [3, Proposition 2.1] ind(T p) =
p.ind(T ) = p ind(T|M). Let T0 be an inverse of T|M modulo the finite rank
operators on M and S = T0⊕ 0. Then S = T0⊕ 0 is a Drazin inverse of T and
Sp = (T0)
p ⊕ 0 is a Drazin inverse of T p modulo the finite rank operators on
X. Moreover T pSp − SpT p = [(T|M)
pT p0 − T
p
0 (T|M)
p]⊕ 0.
We observe that (T|M)
pT p0 − T
p
0 (T|M)
p is of finite rank. So T pSp−SpT p is also
of finite rank. Since T p0 is an inverse of the Fredholm operator (T|M)
p modulo
the finite rank on T|M , then from [10, Example 3.2],we have τ(T
pSp−SpT p) =
τ((T|M)
pT p0 − T
p
0 (T|M)
p) = ind((T|M)
p) = p ind(T|M)) = p ind(T ). Here τ, is
the function trace defined on finite rank operators acting on a Banach space
as in [10, Examlpe 2.1].
On another side, by [10, Proposition 3.5] we have τ((T|M)
pT p0 − T
p
0 (T|M)
p) =
i((T|M)
p) = p i(T|M) and so ind(T ) = i(T|M). Since, by definition of the index
i, we have i(T ) = τ(TS−ST ) = τ((T|MT0−T0T|M)⊕0) = τ(T|MT0−T0T|M) =
i(T|M), we obtain ind(T ) = i(T ).
Remark 2.6. The trace formula for the index of B-fredholm operators given
in Theorem 2.5, extends Fedosov’s trace formula for the index of Fredholm
operators, see[8, p.10]
3 Properties of the Index
In this section, we will assume that A is a semi-simple complex unital Banach
algebra, with unit e, and the ideal J is equal to its socle. Recall that it is well
known, that a semi-simple Banach algebra is semi-prime. Then , it follows
from [2, BA2.4, p. 103] that an element a in A is invertible modulo J if and
only if it is invertible modulo the closure J of J. In this case, if p is any minimal
idempotent in A, that’s a non zero idempotent such that pAp = Ce, then the
operator â : Ap→ Ap, defined by â(x) = ax, is a Fredholm operator.
The element a ∈ A is said to be of finite rank if the operator â is an operator of
finite rank. We know from [2, Theorem F.2.4], that the socle of A is soc(A) =
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{x ∈ A | x̂ is of finite rank}. Moreover, from [1, Section 3], a trace function is
defined on the socle by: τ(a) = Σλ∈σ(a)m(λ, a)λ, for an element a of the socle
of A, where σ(a) is the spectrum of a, and m(λ, a) is the algebraic multiplicity
of λ for a.
For more details about these notions from Fredholm theory in Banach algebras,
we refer the reader to [2].
In the following theorem, we will consider stability of B-Fredholmness under
small perturbations. Contrarily to the case of usual Fredholmness, we cannot
except to preserve B-Fredholmness under perturbation by small norm elements.
This can be easily in the case of the algebra L(X). Since 0 is a B-Fredholm
operator on the Banach space X, and there exists operators which are not B-
Fredholm (see [5, Remark B]), then we cannot have stability of B-Fredholmness
under perturbation by small norm elements.
Theorem 3.1. Let a be a B-Fredholm element in A modulo J. If λ ∈ C, λ 6= 0,
and |λ| is small enough, then a−λe is a Fredholm element of A modulo J and
i(a− λe) = i(a).
Proof. Assume that a is a B-Fredholm element in A modulo J. Then pi(a) is
Drazin invertible in A/J. Let Π : A→ A/J, be the canonical projection. Then
Π(a) is Drazin invertible in A/J. As A/J is a Banach algebra, then 0 is isolated
in the spectrum of Π(a) in the Banach algebra A/J. Thus if |λ| is small enough
and λ 6= 0, then Π(a − λe) is invertible in A/J. From our hypothesis on the
ideal J, it follows that pi(a− λe) is invertible in A/J. So a− λe is a Fredholm
element in A modulo J.
Moreover,we have from [2, Theorem F.2.6], if p is a minimal idempotent in
A, then the operator â− λI : Ap → Ap, defined by â− λI(x) = (a − λI)x,
is a Fredholm operator on the Banach space Ap. From [10, Theorem 3.17], it
follows that ind(â− λI) = i(a− λI).
On another side, from [3, Remark, iii)], we have ind(â) = ind(â− λI), for |λ|,
small enough. Hence ind(â) = i(a− λI), for |λ| small enough.
Lemma 3.2. If p is a minimal idempotent in A, then the operator â : Ap→ Ap,
defined by â(x) = ax, is a B-Fredholm operator and ind(â) = i(a).
Proof. Since a is a B-Fredholm element in A modulo J, then a is Drazin in-
vertible in A modulo J. From [2, Theorem F.2.4], we know that J is exactly
the set of elements x of A such that x̂ is an operator of finite rank. Then â
is a Drazin invertible operator modulo the ideal of finite rank on Ap. Thus
from Theorem 1.1, â : Ap → Ap is a B-Fredholm operator. Let b ∈ A be
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a Drazin inverse of a modulo J, then b̂ is a Drazin inverse of â modulo the
ideal of finite rank on the Banach space Ap. From Theorem 2.5, we have
i(â) = τ(âb̂ − b̂â) = τ(âb− ba) = ind(â). Here τ stands for the trace of the
finite rank operators on the Banach space Ap.
Using Lemma 3.2, and since ab− ba ∈ J, it is of finite trace and τ(ab− ba) =
τ(âb− ba). Thus i(a) = i(a− λI).
As seen in [4], the product of two B-Fredholm operators in L(X), even it is
a B-Fredholm operator, does not have in general its index equal to the sum of
the indexes of the operators involved in the product, unless the two operators
satisfies a commuting Bezout identity, as proved in [4, Theorem 1.1]. Here we
obtain a similar result for the product of B-Fredholm elements.
Proposition 3.3. Let a1, a2 be B-Fredholm elements in A modulo J, and let
λ ∈ C.
i) If a1, a2, u1, u2 ∈ A are two by two commuting elements in A such that
u1a1 + u2a2 = e, then a1a2 is a B-Fredholm element in A modulo J, and
i(a1a2) = i(a1) + i(a2). In particular, if λ 6= 0, then λa1 is a B-Fredholm
element of A modulo J and i(λa1) = i(a1).
ii) If j is an element of J, then a1 + j is a B-Fredholm element in A modulo
J and i(a1 + j) = i(a1).
Proof. i) From [6, Proposition 2.6], it follows that a1a2 is a B-Fredholm element
in A modulo J. Moreover as û1â1 + û2â2 = I, and â1, â2, û1, û2, are two by
two commuting operators, then from [4, Theorem 1.1], we have ind(â1â2) =
ind(â1) + ind(â2), and Lemma 3.2 implies that i(â1â2) = i(â1) + i(â1). Taking
a2 = λe, we obtain i(λa1) = i(a1) because i(λ̂e) = ind(λI) = 0.
ii) If j is an element of J, then pi(a1 + j) = pi(a1). So a1 + j is a B-Fredholm
element in A modulo J. Moreover if |λ| is small enough and λ 6= 0, then from
Theorem 3.1, a1−λe+ j is a Fredholm element and i(a1+ j) = i(a1−λI+ j)).
Using [10, Proposition 3.7, i], we obtain i(a1 − λI + j)) = i(a1 − λI) = i(a1).
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